Let (M 3 , J, θ 0 ) be a closed pseudohermitian 3-manifold. Suppose the associated torsion vanishes and the associated Q-curvature has no kernel part with respect to the associated Paneitz operator. On such a background pseudohermitian 3-manifold, we study the change of the contact form according to a certain version of normalized Q-curvature flow. This is a fourth order evolution equation. We prove that the solution exists for all time and converges smoothly to a contact form of zero Q-curvature. We also consider other background conditions and obtain a priori bounds on high-order norms on the solutions. 1991 Mathematics Subject Classification. Primary 32V20; Secondary 53C44.
Introduction
Let (M, J, θ) be a closed (i.e., compact with no boundary) pseudohermitian 3manifold (see Appendix A for basic notions in pseudohermitian geometry). In the papers [FH] , [GG] , [H] , and [GL] , the (CR) Paneitz operator P (acting on a smooth real function λ) with respect to (J, θ) is defined by P λ = ∆ 2 b λ + T 2 λ + 4 Im(A 11 λ 11 + A 11,1 λ 1 ), and the so-called Q-curvature is defined by Im A 11, 11 ) where ∆ b , T, W, and A 11 denote the sub-Laplacian, the characteristic vector field, the Tanaka-Webster (scalar) curvature, and the torsion with respect to ( J, θ) , respectively (note that we take positive sign in defining ∆ b ; see Appendix A) . Moreover, for a contact form change θ = e 2λ θ 0 , we have the following transformation laws:
(1.2) P = e −4λ P 0 and (1.3) Q = e −4λ (Q 0 + 2P 0 λ) where P 0 and Q 0 denote the (CR) Paneitz operator and the Q-curvature with respect to (J, θ 0 ), respectively. From (1.1) and the divergence theorem, we obtain that (1.4) M Qdµ = 0.
Note that we do not assume zero torsion in deducing (1.4). Here the volume dµ stands for θ ∧ dθ.
Then we ask if we can always choose θ so that Q vanishes pointwise. The related problems for the Q-curvature on a Riemannian manifold are also addressed and studied in [B] , [C1] , and [CW] by using the method of the Q-curvature flow. In this paper we study a similar evolution equation and apply it to the problem addressed above on a CR 3-manifold.
We consider the functional E on a closed = M e 4λ Qdµ M dµ and λ 0 is an initial real C ∞ smooth function. Note that dµ = e 4λ dµ 0 and the volume V = M dµ is kept invariant under the flow (1.6). Indeed (1.6) is the (volume normalized) negative gradient flow of E(θ). That is, by using (1.4) and (1.3), one can check that
under the flow (1.6). We will often denote a CR 3-manifold by (M, J, [θ 0 ]) with its contact class (or equivalently its underlying contact bundle) indicated. Let 0 A 11 denote the torsion with respect to (J, θ 0 ). Concerning global existence for the flow (1.6), we have the following result. There are many examples of torsion-free manifolds. On the other hand, this condition implies strong topological obstruction (see the Appendix in [CH] ). We hope this condition could be weakened in a future study.
To motivate the analytic conditions given below, let us first examine the standard CR 3-sphere S 3 = (z 0 , z 1 )| 1 j=0 z jzj = 1 ⊂ C 2 with CR structure J induced from C 2 and the contact form θ 0 = i(∂u−∂u) 2 | S 3 , where u = 1 j=0 z jzj − 1 is a defining function for S 3 . With respect to (J, θ 0 ), S 3 is torsion free and Q 0 = 0. On the other hand, if f p,q is a bigraded spherical harmonic of type (p, q) on C 2 (i.e. a harmonic polynomial which is a linear combination of terms of the form z ρzγ ), then we have ( [Chi] ) (∆ 0 denotes the sub-Laplacian with respect to (J, θ 0 ); notice the sign difference of ∆ 0 between this paper and [Chi] )
and (1.9) P 0 f p,q = 4pq(p + 1)(q + 1) · f p,q . [H] ). Also P appears as the compatibility operator for the degenerate Laplacian in the paper [GL] . On the other hand, when (M, J) is embeddable, the kernel of P is infinite dimensional, containing all CR-pluriharmonic functions. So even for the short time solution to (1.6), we need to treat the kernel part separately.
The condition that P is essentially positive was also used to study the problem of the first eigenvalue of the (negative) sub-Laplacian (see [Chi] where the sub-Laplacian is defined with negative sign).
Since the restrictions of bigraded spherical harmonics to S 3 span a dense subspace of L 2 (S 3 ) (see Proposition 12.3.3 in [CS] ), we conclude that the Paneitz operator P 0 of (S 3 , J, θ 0 ) is essentially positive by (1.9). Combining (1.8) and (1.9), we get
where λ(p, q) = p 2 (4q − 1) + q 2 (4p − 1) + 6pq + 4p 2 q 2 . It is clear that if P 0 f p,q = 0, i.e., pq = 0, then λ(p, q) > 0. This means that the operator 2P 0 − ∆ 2 0 is positive on the orthogonal complement of the Kernel of P 0 . Therefore if ϕ is a real C ∞ smooth function such that ϕ⊥ Ker(P 0 ), then
Let 0 ∇ and 0 ∇ 2 denote the sub-gradient and the sub-Hessian with respect to (J, θ 0 ), respectively. Now based on the Bochner formula, we have (Lemma 3.2 in Section 3;
see [Chi] also)
where 0 W and 0 A 11 denote the Tanaka-Webster curvature and the torsion with respect to (J, θ 0 ), respectively.
Observe that 0 W is a positive constant and 0 A 11 = 0 for (S 3 , J, θ 0 ). It follows from (1.11) and (1.12) that
(1.13)
for ϕ⊥ Ker (P 0 ).
Inspired by inequality (1.13), we give the following definition.
Definition 1.2. We say that condition ( * ) is satisfied on a closed CR 3-manifold
Let || · || S k,p denote the norm on the Folland-Stein space S k,p (see Appendix A) . We write an L 2 function ϕ = ϕ ker + ϕ ⊥ where ϕ ker ∈ Ker(P 0 ) and ϕ ⊥ ∈ (Ker(P 0 )) ⊥ .
We say that ϕ has no kernel part if ϕ ker = 0.
Theorem 1.2. Let (M, J, [θ 0 ]) be a closed CR 3-manifold. Suppose that P 0 is essentially positive and condition ( * ) holds. Then the solution λ of (1.6) satisfies an a priori S 2,2 estimate:
In the paper [B] , the (essential) positivity of the Riemannian Paneitz operator is also needed for a similar result on the Q-curvature flow on a closed conformal 4manifold (M, [g 0 ]) within a given conformal class [g 0 ]. However, in the Riemannian case, the condition analogous to condition ( * ) always holds. We wonder to what extent condition ( * ) is valid for a closed pseudohermitian manifold. We do not even know whether, for example, condition ( * ) is valid for a perturbation of the standard pseudohermitian sphere.
In Section 5, we show that if the torsion 0 A 11 of (M, J, θ 0 ) is zero, then the CR Paneitz operator P 0 is essentially positive. In that case, the CR Paneitz operator P 0 = b b and the Kohn Laplacian b and b commute (see Section 5). We have the following a priori estimates on solutions to (1.6) in higher order norms.
) be a closed CR 3-manifold. Suppose that P 0 is essentially positive and that condition ( * ) holds. In addition, suppose also that ∆ 0 (Ker(P 0 )) ⊂ Ker(P 0 ). Then for any non-negative integer k, the solution λ of (1.6) satisfies an a priori S 2k,2 estimate: We remark that in the torsion free case, the condition ∆ 0 (Ker(P 0 )) ⊂ Ker(P 0 ) holds true (also P 0 is essentially positive as mentioned above). We have the following asymptotic convergence of solutions to (1.6). A 11 = 0, then P 0 commutes with ∆ 0 and hence there holds
2. On the standard CR 3-sphere (S 3 , J, [θ 0 ]), we have (i) 0 A 11 = 0 and Q 0 = 0, (ii) condition ( * ) holds with ε 0 = 0 and C(ε 0 ) = 0.
As a consequence of Theorem 1.4, we have Corollary 1.5. Let (S 3 , J, [θ 0 ]) be the standard CR 3-sphere. Then the solution to
(1.6) exists on S 3 ×[0, ∞) and converges smoothly to λ ∞ such that e 2λ∞ θ 0 is a contact form of zero Q-curvature.
We recall that θ 0 is called an invariant contact form on a CR 3-manifold M if it is locally volume-normalized with respect to some closed (2, 0)-form on M ( [FH] , [L1] , [Fa] ). In the paper [FH] , the authors proved that the Q-curvature of an invariant contact form vanishes. Indeed if M is a real hypersurface in C 2 ,then M admits an invariant contact form θ 0 so that Q 0 = 0 on M. In general, there is a topological obstruction for the global existence of an invariant contact form θ 0 ([L1]). However, on the standard CR 3-sphere, Q 0 = 0 if and only if θ 0 is an invariant contact form.
About other curvature flows, we notice that it is still an open problem whether we have the long-time existence and convergence for solutions of the CR Yamabe flow on a closed CR 3-manifold ([CC1], [JL] ). This is a second order subparabolic equation. On the other hand, the flow (1.6) which we are dealing with is a fourth-order subparabolic (at least under a certain condition) equation. Since there seems to be no suitable maximum principle available (at the moment) for fourth-order subelliptic operators, we need to invoke a priori L 2 estimates for solutions to (1.6) in place of the pointwise estimates used for second-order (sub)elliptic operators ( [B] , [C] , [C1] , [C2] , [CW] ). In case M is a surface, the Q-curvature flow corresponds to the 2-dimensional Calabi flow, whose existence and convergence problem is completely solved by P. T.
Chruściel ([C] ) and the first author ([C3], [C4] ; see also [CW] ).
In order to get the S 2,2 -estimate (see Appendix A for the definition of Folland-Stein norms S k,p ), we need an additional analytic condition ( * ) (which holds for the standard pseudohermitian 3-sphere) jointly with a trick from S. Brendle's work ( [B] )
for the Q-curvature flow on Riemannian 4-manifolds. This is because the pseudohermitian version of a Bochner-type estimate is entirely different from the Riemannian version (see Lemma 3.1).
We briefly describe the methods used in our proofs. In Section 2, in order to have the S k,2 -estimates for λ, we need to derive the analogue of the Moser inequality on pseudohermitian 3-manifolds. In Section 3, based on a pseudohermitian version of the Bochner formula, we first derive a key estimate for the equation (1.6) as in Lemma 3.2, which involves the CR Paneitz operator P 0 . We show the subellipticity of P 0 on (ker(P 0 )) ⊥ under the torsion free condition to get short-time existence. For the long-time existence to (1.6) under the same condition (i.e., Theorem 1.1), we obtain the higher order bounds for the solution.
In Section 4, we derive the S 2,2 -estimate and higher-order S 2k,2 -estimates for λ under the flow (1.6), and hence prove Theorem 1.2 and Theorem 1.3. Then we prove the smooth convergence of solutions of (1.6) (i.e. Theorem 1.4) by a method analogous to that in [S] . In Section 5, we show the essential positivity of the CR Paneitz operator P on (M, J, θ) with zero torsion.
We would like to thank the referee for careful reading and for pointing out many grammatical errors.
Moser's Inequality on Pseudohermitian 3-manifolds
In this section, based on [A] , [CL] , [FS1] , and [SC] , we derive the analogue of Moser's inequality on pseudohermitian 3-manifolds.
For each real number r ∈ R, there is a dilation naturally associated with H 1 , which is usually denoted as
The anisotropic dilation structure on H 1 introduces a homogeneous norm
With this norm, we can define the Heisenberg ball centered at u = (z, t) with radius
In their paper ( [CL] ), William S. Cohn and Guozhen Lu show that for all ϕ ∈
and dV (u) = dx ∧ dy ∧ dt, z = x + iy. Note that we only take the case β = 1 in Theorem 1.2 of ( [CL] ).
Let B be the unit Heisenberg ball of H 1 , centered at (0, 0). Let || · || p denote the L p norm with respect to the volume form dV (u).
Since 1 p + 1 4 + 1 4 − 1 p = 1, applying Hölder's inequality to (2.1), we have
This implies that
where C and κ are two positive constants.
Proof. Let Σ = ∂B be the unit Heisenberg sphere and dA be the unique Radon measure on Σ such that for all f ∈ L 1 (H 1 ), [FS1] ). We denote A 1 = Σ dA. Note that there exists a number δ such that
By (2.2) and the invariance of the volume form via the group action, we have
and −3 ≤ 4−3k k ≤ 1 for some constant C. Thus, by (2.4) and the Hölder inequality, there exists a constant K such that for all p ≥ 1,
(2.6) Here x! = Γ(x + 1) for all real number x ≥ 0.
According to Stirling's formula, when p → ∞, we can estimate
Therefore, from (2.6), we get
for some constants C and κ. where dµ = θ ∧ dθ and the L 4 norm || · || 4 respects the volume form dµ.
Since M is closed, there exist finitely-many balls B(
for some constants C, κ, and ν.
Long-time Existence
Let T be the maximal time for a solution of the flow (1.6) on M × [0, T ). We will derive uniform S k,2 -norm estimate for λ under the flow for all 0 ≤ t < T . It will then follow that we have the long-time existence for solutions of (1.6) on M × [0, ∞).
First we have an integral version of the Bochner formula on a pseudohermitian 3-manifold.
Lemma 3.1. Let (M, J, θ 0 ) be a closed pseudohermitian 3-manifold. Then for any λ
where 0 ∇ and T 0 denote the sub-gradient and the characteristic vector field with respect to (J, θ 0 ), respectively, and λ 0 = T 0 λ.
Proof. We first show that (see Appendix A for definitions of the notations)
We have
Observe that
Taking the covariant differentiation of (3.5) 
Finally integrating both sides of (3.2) and applying (3.5), we obtain
By integrating by parts and using (3.5), we have
Combining the above two formulas gives (3.1).
Lemma 3.2. Let (M, J, θ 0 ) be a closed pseudohermitian 3-manifold. Then for any λ
Proof. Multiplying both sides of the formula P 0 λ = ∆ 2 0 λ+T 2 0 λ+4 Im(
by λ and integrating, we compute
by integrating by parts and by Lemma 3.1.
As a consequence of Lemma 3.2 and (1.11), we have Corollary 3.3. Let (S 3 , J, θ 0 ) be the standard pseudohermitian 3-sphere. Then
for λ ⊥ker (P 0 
We will often use the above lemma (whose proof is left to the reader) to obtain higher order estimates. Now we write λ = λ ker + λ ⊥ and Q 0 = (Q 0 ) ker + Q ⊥ 0 (with respect to P 0 ). Comparing both sides of the following formula:
we obtain
Here we recall that
From now on, C or C j (C(k, T ), C(T ), etc., respectively) denotes a generic constant (with emphasis on depending on (k, T ), T, etc., respectively) which may vary from line to line.
Proposition 3.6. Let (M, J, [θ 0 ]) be a closed CR 3-manifold with 0 A 11 = 0. Then under the flow (1.6) (or equivalently (3.10) and (3.11)), there exists a positive constant
Since (P 0 being self-adjoint)
It then follows from Lemma 3.4 that
for all t ∈ [0, T ). Since the torsion of (M, J, θ 0 ) vanishes, the CR Paneitz operator P 0 is essentially positive in the sense that
by Theorem 5.3. All these formulas imply that there exists a positive constant
for all t ∈ [0, T ). So there exists a positive constant C(Υ, Q 0 , θ 0 , β, T ) such that
On the other hand, we observe from the condition 0 A 11 = 0 and the commutation
Next we have, for all positive integers k,
Here we have used (3.15). By (3.16) and the essential positivity of P 0 , we obtain
Therefore from (3.17), (3.18), and (3.13), we conclude that
By applying Lemma 3.5 to the ordinary differential equation:
and hence
From the definition of Q-curvature and from the assumption 0 A 11 = 0 and (3.16),
This and (3.12) imply
In particular, there holds
Therefore by the Sobolev embedding theorem, we have S 2,2 ⊂ S 1,4 and (3.21) ||λ − λ|| S 1,4 ≤ C(T ).
Now using Theorem 2.3, we get
Together with M e 4λ dµ 0 being invariant under the flow, we conclude that
(the upper bound is obtained by observing that λdµ 0 ≤ e 4λ dµ 0 ). By (3.20) and
(3.22), we finally obtain
Proof. (of Theorem 1.1)
When the torsion is zero, we can write P 0 = 0 0 = 0 0 ( 0 and 0 commute) where 0 ≡ −∆ 0 + iT 0 is the Kohn Laplacian (acting on functions) with respect to (J, θ 0 ), and T 0 is an infinitesimal CR diffeomorphism. This implies that (M, J)
is embeddable (see Theorem 2.1 in [Le] ). Therefore 0 and 0 have subelliptic estimates on the orthogonal complements of Ker( 0 ) and Ker( 0 ) in L 2 , denoted as (Ker( 0 )) ⊥ and (Ker( 0 )) ⊥ , respectively ([K1], [K2] ). Since P 0 commutes with 0 and Ker( 0 ) ⊂ Ker(P 0 ), we have (3.23) 0 ϕ ∈ (Ker(P 0 )) ⊥ ⊂ (Ker( 0 )) ⊥ for ϕ ∈ (Ker(P 0 )) ⊥ . We can then estimate
for ϕ ∈ (Ker(P 0 )) ⊥ (⊂(Ker( 0 )) ⊥ ) by (3.23). By (3.24), we obtain that P 0 is subelliptic on (Ker(P 0 )) ⊥ . It follows that there exists a unique C ∞ smooth local solution λ ⊥ of (3.10) for a short time (noting that P 0 is essentially positive by Theorem 5.3, which explains the negative sign in (3.10)). On the other hand, we can apply the contraction mapping principle to show the short-time existence of a unique C ∞ smooth solution λ ker to (3.11) (observing that λ ker satisfies (3.12)). So we have the local existence for λ = λ ker +λ ⊥ . The long-time solution then follows from Proposition 3.6, the Sobolev embedding theorem for S k,2 , and standard extension arguments.
A Priori Estimates and Asymptotic Convergence
We can obtain an a priori S 2,2 estimate under some analytic assumption replacing the torsion free condition. Also a condition on the background Q-curvature will ensure that the bound is uniform, i.e., independent of the time. Under the same condition together with the vanishing torsion, we will then have also higher-order estimates with uniform bounds. Therefore we are able to prove the asymptotic convergence of solutions of (1.6).
Lemma 4.1. Suppose (Q 0 ) ker = 0. Then the solution λ ⊥ of (3.10) satisfies the following a priori estimate
for a constant β independent of the time.
Proof. The condition (Q 0 ) ker = 0 implies that M Q 0 λ ker dµ 0 = 0.
It follows that
Hence from Lemma 3.4, we obtain (4.1).
Proof. (of Theorem 1.2)
The essential positivity of P 0 ensures that for some constant Υ, there holds (4.2)
From the proof of Proposition 3.6, we have (3.13), i.e., a bound for the L 2 norm of λ ⊥ , depending on the maximal time T . If in addition we assume (Q 0 ) ker = 0, then by (4.1), (4.2), and the Young inequality, we obtain
and (4.4)
From this and Lemma 3.2, we have
By applying (4.3) and integrating by parts, from the Young inequality we get
for small ε > 0. Now if we choose ε small enough such that (1 − ε 0 − ε) = δ > 0, then (4.6) 2
Finally from (4.4) and (4.6), there exists a positive constant
for all t ≥ 0 by (4.3) (the constant C depends on the maximal time T by (3.13) if we don't assume (Q 0 ) ker = 0).
To deal with λ ker , we consider λ −λ. Without the condition (Q 0 ) ker = 0, we have obtained the bound for ||λ|| S 2,2 , depending on T, from the last part of the proof of Proposition 3.6. Let us assume (Q 0 ) ker = 0 below and see how to get an uniform bound.
Under the condition (Q 0 ) ker = 0, equation (3.11) reads ∂λ ker ∂t = r, and hence we have It follows that
and from (4.7) and (4.3) that
for all t ≥ 0. Therefore by the Sobolev embedding theorem for S k,p , we have
for all t ≥ 0 .
Now again by using Theorem 2.3, we have
for all t ≥ 0. Together with M e 4λ dµ 0 being invariant under the flow, we conclude that (4.10) Since ∆ 0 is self adjoint, we can deduce the following result by the Young inequality. 
Proof. (of Theorem 1.3)
Next we will estimate the second term in the last line of (4.13). From the Bochner formula (3.1), (3.16), and (3.14), we have (4.14)
O j being some differential operator of weight j (see Appendix A for the definition). Using the subelliptic estimate and the Young inequality, we can estimate the "error terms" E j s by (4.15)
Note that ∆ 0 (and hence ∆ k 0 ) maps Ker(P 0 ), and hence Ker(P 0 ) ⊥ , into itself by assumption. So we can apply condition ( * ) to the first term of the last line in (4.14).
Together with substituting (4.15) into (4.14), we obtain
where C(k, T ) is independent of T if the condition (Q 0 ) ker = 0 is imposed. From (3.13) ((4.3) if, in addition, (Q 0 ) ker = 0), (4.20), and the subelliptic estimate, we can then have T ) is independent of T if the condition (Q 0 ) ker = 0 is imposed). Observe that the argument from (3.20) to (3.22) in the proof of Proposition 3.6 still works without torsion free condition. We therefore have the following estimate Then we have the global existence of λ for (1.6), and there exists a constant C =
for all t ≥ 0. In particular, there holds |λ| ≤ C for all t ≥ 0. Moreover, we have
for all t ≥ 0.
Proof. Observe that λ has an uniform L 2 bound if (Q 0 ) ker = 0 in the proof of Proposition 3.6, and hence the constants C(..., T ), C(T ), and C(k, T ) can be replaced by C or C(k) (independent of T ) from (3.13) to the end of the proof.
Proof. (of Theorem 1.4)
By Theorem 1.1, we have a solution to (1.6) defined for all t > 0. Starting from (1.7), we have
by the essential positivity of P 0 (which is implied by the torsion free condition; see Theorem 5.3). Therefore d dt E(θ) is nondecreasing, and hence by (1.7) we have (4.23) M e 4λ Q 2 dµ ( ≥ 0) is nonincreasing.
By (4.21), we can find a sequence of times t j such that λ j ≡ λ(·, t j ) converges to λ ∞ in the C ∞ topology as t j → ∞. On the other hand, integrating (1.7) gives
In view of (4.23), (4.24), we obtain
where Q ∞ denotes the Q-curvature with respect to (J, θ ∞ ), θ ∞ = e 2λ∞ θ 0 , and dµ ∞ = e 4λ∞ dµ 0 . It follows that Q ∞ = 0.
In the following, we are going to prove asymptotic convergence of λ with respect to any high-order norm. First we want to prove that λ converges to λ ∞ in L 2 . Write
Observe that (|| · || 2 denotes the L 2 norm with respect to the volume form dµ 0 )
by the subellipticity of P 0 on (KerP 0 ) ⊥ and from 0 = Q ∞ = e −4λ∞ (2P 0 λ ⊥ ∞ + Q ⊥ 0 ) ((Q 0 ) ker = 0 by assumption). We have (4.27)
by the Cauchy inequality and (4.26). Let ϑ be a number between 0 and 1 2 . It follows from (4.27) that
for t large by noting that 2(1 − ϑ) > 1 and ||2P 0 λ ⊥ + Q ⊥ 0 || 2 tends to 0 as t → ∞ by (4.25). Next we have (4.29)
by (1.7), (4.28), and noting thatλ ⊥ = −(2P 0 λ ⊥ + Q ⊥ 0 ) (see (3.10)) and hence the left side is non-negative (the above method is inspired by [S] ). Integrating (4.29) with respect to t gives (4.30) 
By Lemma 3.5 and (4.31), we get
Hence by the subellipticity of ∆ k 0 , we conclude from (4.35) and (4.31) that
Together with (4.33) and the Sobolev-type embedding theorem (for instance, S 2k,2 ⊂ C m , k > m + 3 2 , see [FS2] ), we have proved that λ converges to λ ∞ in every smooth sense.
Essential Positivity of the CR Paneitz Operator
Let (M, J, θ) be a closed pseudohermitian 3-manifold with zero torsion. We will prove the essential positivity of the CR Paneitz operator P .
Since the torsion of (M, J, θ) is zero, the Lie derivative of the CR structure J with respect to T (characteristic vector field) is zero (recall that L T J = −2iA 11 θ 1 ⊗ Z1+ complex conjugate; see (3.13) with f = −1 in [CLe] ). Hence M admits a smooth CR action of R (real numbers), which is transverse to the contact bundle. This implies that (M, J) is embeddable by Theorem 2.1. in [Le] . Therefore the L 2 -closure of the Kohn Laplacian b has the closed range ( [K1] ) and hence subelliptic estimates on the orthogonal complement of the kernel of b in L 2 ([K1], [K2] ). We use the same symbol b to denote the L 2 -closure.
On the other hand, since b is a closed operator, Ker( b ) is closed, and we have the following direct sum decomposition (5.1)
Let C ∞ (M, C) be the space of all C ∞ smooth complex-valued functions on M and
By (5.1) and subelliptic estimates on the orthogonal complement of the kernel of b in L 2 , we see that
where ω is the unique solution of b ω = α − H(α). It is easy to check that G is symmetric and positive on (C ∞ K ) ⊥ . Moreover, since b has subelliptic estimates, G is compact on the orthogonal complement of Ker( b ). From now on the symbol · will denote the L 2 -norm.
Proof. Let ϕ j ⊂ (C ∞ K ) ⊥ be a maximizing sequence for η, that is, ϕ j = 1 and Gϕ j → η. Since G is symmetric, we have
This inequality means that G 2 ϕ j − η 2 ϕ j → 0 as j → 0.
This inequality, together with the above one, implies that Gϕ j − ηϕ j → 0.
On the other hand, since G is compact on the orthogonal complement of the kernel of b , there exists a subsequence of ϕ j , also denoted by ϕ j , such that Gϕ j converges to a function f ∈ L 2 . We have, for all ϕ ∈ C ∞ (M, C),
That is, f ∈ L 2 is a nontrivial weak solution of ( b − 1 η )f = 0. Actually f ⊥Ker b , so f is smooth and 1 η is an eigenvalue of b .
Lemma 5.2. Let (M, J, θ) be a closed pseudohermitian 3-manifold. Suppose that C) can be chosen so that {ϕ i } forms an orthonormal basis of
Proof. Let E(µ) be the eigenspace with respect to the eigenvalue µ. By the subelliptic
Here we denote E( 1
A similar argument to the one in Lemma 5.1 shows that 1 η j is an eigenvalue of b . Therefore we have a sequence of eigenvalues 0 = µ 0 < µ 1 ≤ µ 2 ≤ · · · ≤ µ n , n → ∞. By the subelliptic estimates, {µ n } cannot have a finite limit. Thus µ n → ∞ as n → ∞.
Let 0 = µ 0 < µ 1 ≤ µ 2 ≤ · · · be the eigenvalues of b , where each eigenvalue is counted with its multiplicity, with a corresponding orthonormal sequence of eigen- H(α) . It is easy to check that α, ϕ i ϕ i = G( β, ϕ i ϕ i ), so we have Therefore, we can choose an orthonormal basis {ϕ i } such that each eigenfunction ∈ {ϕ i } is also an eigenfunction of b , and hence, of P . We know that the eigenvalues of b (and hence of b ) are all non-negative. Therefore by Lemma 5.2, P is essentially positive. Appendix A.
We will give a brief introduction to pseudohermitian geometry (see [L1] , [L2] for more details). Let M be a closed 3-manifold with an oriented contact structure ξ.
There always exists a global contact form θ, obtained by patching together local ones with a partition of unity. The characteristic vector field of θ is the unique vector field T such that θ(T ) = 1 and L T θ = 0 or dθ(T, ·) = 0. A CR structure compatible with ξ is a smooth endomorphism J : ξ→ξ such that J 2 = −Identity. A pseudohermitian structure compatible with ξ is a CR-structure J compatible with ξ together with a global contact form θ.
an eigenvector of J with eigenvalue i, and a complex 1-form θ 1 such that {θ, θ 1 , θ1} is dual to {T, Z 1 , Z1}. It follows that dθ = ih 11 θ 1 ∧θ1 for some nonzero real function h 11 . If h 11 is positive, we call such a pseudohermitian structure (J, θ) positive, and we can choose a Z 1 (hence θ 1 ) such that h 11 = 1. That is to say dθ = iθ 1 ∧ θ 1 .
We always assume our pseudohermitian structure (J, θ) to be positive and h 11 = 1 throughout the paper. The pseudohermitian connection of (J, θ) is the connection ∇ ψ.h. on T M⊗C (and extended to tensors) given by
in which the 1-form ω 1 1 is uniquely determined by the following equation with a normalization condition:
The coefficient A 11 in (A.1) is called the (pseudohermitian) torsion. Since h 11 = 1, A11 = h 11 A 11 = A 11 , and A 11 is just the complex conjugate of A11. Differentiating ω 1 1 gives dω 1 1 = W θ 1 ∧θ1 + 2iIm(A 11,1 θ 1 ∧θ)
where W is the Tanaka-Webster curvature.
We can define the covariant differentiations with respect to the pseudohermitian connection. For instance, f 1 = Z 1 f , f 11 = Z1Z 1 f − ω 1 1 (Z1)Z 1 f for a (smooth) function f . We define the sub-gradient operator ∇ b and the sub-Laplacian operator
respectively. We also define the Levi form <, > J,θ by < V, U > J,θ = 2dθ(V, JU) = v 1 u1 + v1u 1 , for V = v 1 Z1 + v1Z 1 ,U = u 1 Z1 + u1Z 1 in ξ and (V, U) J,θ = M < V, U > J,θ θ ∧ dθ.
For a vector X ∈ ξ, we define |X| 2 ≡< X, X > J,θ . It follows that |∇ b f | 2 = 2f 1 f1 for a real valued smooth function f. Also the square modulus of the sub-Hessian ∇ 2 b f of f reads |∇ 2 b f | 2 = 2f 11 f11 + 2f 11 f1 1 . We recall below what the Folland-Stein space S k,p is. Let D denote a differential operator acting on functions. We say D has weight m, denoted w(D) = m, if m is the smallest integer such that D can be locally expressed as a polynomial of degree m in vector fields tangent to the contact bundle ξ. We define the Folland-Stein space S k,p of functions on M by S k,p = {f ∈ L p : Df ∈ L p whenever w(D) ≤ k}.
.., respectively, as usual. So it is natural to define the S k,p norm of f ∈ S k,p as follows:
The function space S k,p with the above norm is a Banach space for k ≥ 0, 1 < p < ∞.
There are also embedding theorems of Sobolev type. For instance, S 2,2 ⊂ S 1,4 (for dim M = 3). We refer the reader to, for instance, [FS2] and [Fo] for more discussions on these spaces.
